wxMaxima HTML export Page 1 of 27

Modello di linearizzazione della RG

Giampaolo Bottoni - 11 aprile 2010

Propongo un modo innovativo per linearizzare ( in modo NON lineare ) le
equazioni della Relativita Generale.

Con questo modello potrei studiare le interazioni gravitazionali tra buchi
neri ed il pregio del modello ¢ che, nel caso in cui uno solo dei buchi neri
sia nettamente prevalente su tutti gli altri, le equazioni ottenute

tendono ad essere quelle esatte ossia tali per cui il tensore di

Ricci risulti ovunque nullo.

Nelle vicinanze di un singolo buco nero l'azione del buco nero &
nettamente prevalente rispetto a quelle di tutti gli altri e dunque

questo modello fornisce una ottima approssimazione delle equazioni della
RG tanto migliore quanto piu la RG si discosta dal classico modello
gravitazionale newtoniano.

(%i1) (if atom(lg) then load(ctensor));
(%o0l) C:/Programmi /Maxima-5.20.1/share/maxima/s5.20.1/share/tensor/ctensor.mac

Inizializzo la libreria ctensor di Maxima.

(%i12) init_ctensor();
(%502) done

Definisco una funzione del tutto generica delle coordinate oltre alla funzione
di servizio rq.

(%13) 1q:x"2+y"2+2/2;
(303) zZ+y?+x°

La funzione U(x,y,z) del tutto generica & ricavata dalla classica funzione
potenziale newtoniana. Specifico genericamente le variabili da cui dipende.

(%i4) depends(U,[x,y,z]);
(504) [U({x,¥,z)]

La funzione b mi serve solo per semplificare 1'input.

(%i15) b:U/(U-1);

(%05)
U-1

(%16) Igmia: matrix (

[ 1-U, 0,0,0 ],

[ 0,-1+b*x"2/rq,b*x*y/rq, b*x*z/rq ],
[ 0,b*x*y/rq,-1+b*y 2/rq,b*y*z/rq ],
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[ 0.b¥x*2/rq.b¥y*z/rq,-1+b*z"2/rq]); )

i-u 0 0 0
Z
x- ry xzlr
0 -1
(zz+y2+xZJ(U—1] (zz+}r2+xzjfU—1] (zz+y2+xZJ(U—1]
(%o0B) x v Yz i yel
0 -1
(zz+}rz+32](U—1] (zz+y2+x2”U—1] (zz+y2+xZJ(U—1]
z
xz I vz z= U
0 -1
(zz+}rz+xzjfU—1j (zz+}r2+xzj(U—lj (zz+y2+xzj(U—1j
Dichiaro alla libreria ctensor che faccio uso di coordinate cartesiane
(%17) ct_coords: [t,x,y,z];
(%07) [t,x,¥,2]
In base alle esigenze della libreria ctensor di cui ho fatto il
load, inizializzo il tensore metrico covariante che si deve chiamare Ig.
(%18) Ig:ratsimp(lgmia);
i-u ] 0 a
. 254yt -zt -y —x" xy U Xzl
N Z z

(zz+}r2+x2] U—zz—yz—xz (zz+}r2+x2] U—zz—yz—x (zz+y2+x2] U—zz—}rz—x

Z

(Fof) xy U (z2+xsz—zz—Yz—x ¥zl
u] -
(zz+5r2+:-:2]U—zz—}r2—x2 (zz+y2+x2]U—zz—}r2—x2 (zz+y2+x2]U—zz—}r2—x2
¥z U vzl [YZ+KZ]U—ZZ—YZ—XZ
u] -
z 2

z (zz+}'2+x2]U—zz—}r2—x

(22+}'2+:~:2]U—22—}r2—x (22+}r2+x2]U—22—y2—x

Calcolo la metrica ovvero il tensore metrico controvariante
che deve essere la matrice inversa del tensore metrico
covariante.

(%19) cmetric();
(%09) done

(%i10) uug:ug$

Cerco di semplificare il piu' possibile I'espressione del
tensore metrico controvariante

(%i111) ug:ratsimp(uug);

1
[ u} u] a
o-1
xz U—zz—yz—xz xy ¥ xzl
zz+y2+x2 zz+y2+xz zz+y2+x2
(%0ll) - - T
xy U ¥yoU-z"-v"-x yzU
u]
zz+y2+x2 zz+y2+x2 zz+y2+x2
xz U vz z2 U—zz—yz—xz
o
zz+y2+x2 zz+y2+x2 zz+y2+x2
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Anche se non serve ora faccio vedere che lg ed ug sono una la matrice
inversa dell'altra

(%112) ratsimp(ug . 1g);
1000
0100

(%0lZ)
oo 10

oo o1

Ora calcolo i simboli di christoffel di prima e seconda specie
visualizzandoli tutti. Attenzione alle regole della libreria ctensor che
mette come terzo indice quello che di solito viene scritto come
primo indice.
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(%113) christof(all);
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e -
z 2B B E__E__2Z
( 22+y2+2c2£U—z2—y2—2c2) (25t " +x" ) U—z2"—3"—=x
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{ + -
z 2, 2, 2., 2__2 2
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z
Fziv sz+y2+x23U—z2—y2—x2]
) /S 2 (%t3E) i053'4!3= -

(zz+y2+zc2)U—zz—_v -

(iy?+x7) U—zz—yz—le(izz+y2+x2]iUYJ+2 y -2 y) (v +xf) U 42y U-2y

2,2, .2 z__z__z2
fzf 4yt +xf) v -2 —y? - x7) (2%+y " +x")U-z"-y" -x

(%t33) 1053’q!q= .

(3£34) los, 4 5=
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, Q(ZZ+Y22+X223U2_ 2_2?2_22{2:]2 (g7t +x ) U—z"—pF " —x
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(%t40) meos

(%t41l) mos

(%td2) mes

(%Ed43) m052!2’2=
(x3 z U(T )+x3yU(U =2 %2 2% -2 % yz—x4jU+x2 zz+x2y2+xq o+
Z ¥ X
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+(2yzz+2y3)U);’((2 244 P44 2By 2842 vied 25 vz x‘*)uz+
(—4 zq+(—8y2—8 x2)22—4y4—8x2y2—4x4)ﬂ+2 zq+(4y2+4x2)22+2y4+4x2y2+2x4) 5=
(’(xz 28 p-x? 2% -%* yz—xq)(U )+x2yzU(U 1t
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X
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¥ ¥ ¥ ¥
(—4 z‘l+(—8y2—8 x2)22—4y4—8x2y2—4xq)[}+2 zq+(4y2+4X2)22+2y4+4x2y2+2x4) (%t

(xz ¥z U(UZ)+((—XZ z2 —xq) Tt 2% +xt yz +xq)(Uy)+(—xy z2 —xyS) U(Ux)
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2 xtyri+axiyoi-2xyuo) K((Z zi+id yi+a ¥y 2?42 yied 12 P2 xq) e+
(—4 z‘}-f-(—B _Vz—B xz) z% -4 yq—B x° y2—4 xq) otz z‘l+(4 y2+4 ij z2+2 y4+4 x° yz T2 xq,l' (%t
(xyz z U(Uz)-n'-(—xy zz—x3 ¥ U(ij-n'-((—yz zz—yq) U+y2 z2 +yq+x2 yz)
(T -2xy’ P +axy? 0i-2xyi o)/ ((2 zh4id yi 4 2%y 2242 g 1% P2 x‘*) 7+
(—4 zq+(—8 yz—B xz) z%—4 y‘l—B x° y2—4 Xq) U+z zq+(4 _y2+4 Xz) z2+2 y4+4 x° yz +2 xq) (%t
(3w 22 U-—x v 22 —xy3 —x3 _V)(Uz)+((—x 23—x3 YUt 23 +(xy2+x3) z)([i'y)
+((—y 23—y3 z) Uty 23+(y3+x2 Mg z)(Ux)—E XYV Z U3+4 XYV Z U2—2 Xy zD) ,”((2 zq+(4 Y2+4 b
zziHayiraxt) iz ytean® yiez ) (8049) mes, 4 ,=-
(((xz y2+x4) 7—x® 2% —x? yz—xq)(Uz)—xz vV Z U(ij+(x 23+xy2 Z] U(Ux)+
2x% z -4 %% z i 42 x° 2 oy s ((2 zq+(4 y2+4 xz) z2+2 _yq+4 x° _yz +2 xq) e+
(—4 24+(—8 yz—B xz) z%—4 yq—B x° y2—4 Xq) U+z zq+(4 _y2+4 Xz) zZ+2 y4+4 x° yz +2 xq) (%t
(((x_y3+xa VIO—x ¥ zz—xya—XB y)(Uz)+(—xy2 z U+x z° +(xy2+x3) z)

2

(Uy)-l-((y 22 +y? 2y g-y 27 H -y —xt y)z)(UX)-I-E Xy ezl —dxyzU+2xyz ) f’((z zt+id 2

2zl rayira ) tre yira x® pi e k) (3851) mos, , ,=-

((xy?+x )z U(0 )-xy 22U(Uy)+((z‘*+y2 zzjU—z‘*+(—y2—x2)zz)(ux)+2

xz° 0% -4 % 2% 0¥ +2 x z° UJK((Z zq+(4y2+4x2)zz+2yq+4 x2y2+2xq)U2+

(—4 24+(—8y2—8 x2j22—4y4—8x2y2—4}{4)[}+2 zq+(4y2+4X2)22+2y4+4x2y2+2x4) (%t
(xyzzU(Uzj+((—2 xyzz—xy3—2 xaij+2 xyzz+2 xy3+2 xay)([?yj+

(x2y2 U—yz zz—yq—xzyzj([}x)+(2xzz+2 XS)U3+(—4X22—4 XS)U2+(2X22+2 x3)U)f’((2 zq-l
2z 44 yP+a 28y 2842 g 2% P2 2t (sesd mos, 5 5=
(_VSZU(UZ)+((—2_V2 zz—yq—Z x° yZ)U+y2 zz+y4+x2y2)(Uy)+xy3U(UX)+

(2y22+2 xzy)U3+(—4yzz—4 xzy}lU2+(2yzz+2 xzy)U)f((E zq+(4y2+4 x2)22+2yq+4 x°
2z 44 yP+a 28y 2842 g 2% P2 2t (sesa mes, 5 4=

((y? 2% U—y? 2% -yt -3 yz)(Uz)-f-

[((—yB—Z xzy)z—ZyZS)U-n'-EyzS-f-(Z y3+2 xzy)z)([?y)-f-xyzzU(UX)-n‘-(E 23+2 X2 z)U3+

(-4 z° -4 x% z) 0l H2 27 +2 xzz)U)fr(z 244 yi4d 1%y 2842 phrg 1% R x‘*)uh

(—4 zq+(—8y2—8 xz)zz—éyq—ﬂxzyz—éxq)ﬁ'-}ﬂ zq+(4y2+4x2)22+2y4+4x2y2+2x4) (%t
(((xyS-f-xa ViUO—x v zz—:x:yS—:x:3 y)(Uz)-f-

((x z¥ 45 10— 23+(—xy2—x3)z)([}y)+(—x2yzU+_y 23+(y3+x2y)2)([3'x)+2 xyzU3—4 XV Z
U2+2xyzU)f’((2 zi+id yira xf1 2242 yrea % yiaz x‘*)U2+

(—4 z‘}-f-(—B_Vz—B xz)zz—ﬂlyq—ﬁxzyz—ﬂlxq)[?-f-zl zq+(4y2+4x2)22+2y4+4x2y2+2x4) [%t!
(((qusz ysz—yz zz—yq—xzyz)(Uz)Hy 23+x2yz)U(ij—xyzzU(Ux)
+2y2zU3—4yzzU2+2yzzU)f(’(2 zq+(4y2+4x2)zz+2yq+4 x2y2+2xq)U2+

(—4 zq+(—8y2—8 xz)zz—éyq—ﬂxzyz—éxq)ﬁ'-}ﬂ zq+(4y2+4x2)22+2y4+4x2y2+2x4) (%t
Z

((_y3+x2 vz U(UZ)+((24+XZ 22) U—zq+(—y2—x2) zz)(Uy)—xy = U(UX)+2

- R S S SN (" SO SR SUNI: S SN SN S-S S S
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¥YE U —84¥E U Ta¥E UJ)y (W& Z TL4Y¥ T4X JZ TSy T4 X ¥ Ta&X JUu T
(—4 zi+(-8 y2 -8 xz)zz—qy‘*—axzyz—qx‘*)th zi+ia yi+a ®yzi 42 yiea of vz k) (s
(((x23+(2 X yo+2 x3)z)U—2xz3+(—2 Xyl -2 x3)z)(Uz)—xy zzU(ij+

(—xz P U+zq+(y2+x2)zz)(UK)+(—2 xyz—Z x3)U3+(4 xy2+4 x3)U2+(—2 xyz—Z XS)U)K((ZZ
2zt 4 yira x®y 2t 2 ptea xf iz xt) (3159 mes, 4 L=-
(((y z3+(2y3+2 xzy)z)U—2y23+(—2 _V3_2 xz y)z)(Uz)+

(—yz z2U+z‘*+(y2+x2)z2)(ij—xy 22 (U -2 30 -2 %% y) U4y vk ) ot

(-2 y° -2 xzyw)/((z zh4d yP 4 2%y 2842 vied 1% P42 x‘*)gz+

(—4 24+(—8y2—8 x2)22—4y4—8x2y2—4x4)ﬂ+2 zq+(4y2+4x2)22+2y4+4x2y2+2x4) (%t
(((z‘*ﬂz iz x?) zz) m-zt+—y?—x?) zz)(Uz)—y z? U, )-x 20 (U )+

(-2 3?2 x5y z 0P Ha yia sty z 0t H-2 pP -2 Pz ) s ({2 2V e P By 2P rz g ea i e

2z 44 P +a 28y 2842 yhied 2% P2 1Y) (3060 done

Provo a semplificare una delle componenti del simbolo di Christoffel
di seconda specie.

(%161) ratsimp(mcs[2,2,2]);
(3061) (x° z (U )+x ¥ U(Uy)+((—2 2t 2% -2 %% v —xYyo+x? 2%+ y2+xq)(UK)+
(2 x 22+2 xyz) U3+(—4 x22—4 xy2)U2+(2 x22 T2 xyz)U) ! ((2 zq+(4 _y2+4 X2)22 +2 y4+4 xz

2z yP+d %2122 +2 a2 Pz )

Creo il tensore di Riemann sopprimendo 'output che probabilmente sarebbe
troppo lungo per essere stampato.

(%162) riemann(false);
[206Z) done

Ora faccio lo stesso calcolando il tensore di Ricci.

(%i163) ricci(false);
(3063) done

Ora trasformo il tensore di Ricci in matrice.

(%164) mat_ricci: ratsimp( matrix(
[ ric[1,1],ric[1,2],ric[1,3],ric[1,4]],
[ ric[2,1],ric[2,2],ric[2,3],ric[2,4]]
[ ric[3,1],ric[3,2],ric[3,3],ric[3,4]]
[ ric[4,1],ric[4,2],ric[4,3].ric[4,4]]

ric Jric ric ,ric

)

) ) 41)s

s )
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Innanzi tutto controllo che i termini non diagonali della
prima riga e colonna siano degli zeri.

(%165) forsezeri: [ratsimp(ric[2,1]),ratsimp(ric[3,1]),ratsimp(ric[4,1]),
ratsimp(ric[1,2]),
ratsimp(ric[1,3]),
ratsimp(ric[1,4])];
(%065) f0,0,0,0,0,0]

Controllo che il tensore di ricci €' un tensore simmetrico... come da manuale
ma se uno vuol fare il san Tommaso...

(%166) certozeri: [ratsimp(ric[2,3]-ric[3,2]), ratsimp(ric[2,4]-ric[4,2]),
ratsimp(ric[3,4]-ric[4,3]) ];
i%oéé) f0,0,07

Questi non sono zeri ma se la funzione U(x,y,z) assume
dei valori adeguati lo debbono diventare...
Intanto li stampo...

(%167) ratsimp(ric[1,1]);
(3067) .:’(22 7o+ -2 2° —yz—xzjU+zz+y2+xz)(Uzz)+(y2 +x2)(Usz+
z 2 .2 2 2 .2 z -
(—Eyz(Uy)—Exz(Ux)-f-Z z 0t -2 zUj(Uz)+(y e+ -z -2 y"—x"1U0+tz"+v " +x )(Uyy)-l—
2 2 2 2 2
(2w =zU —ZyzU)(UYZ)Hz T+ )(Uy) +(—2 xy(UX)+2yU —2_*,1[3')(ij+
(xz Ul t—z% -yt -2 x?) U+zz+y2+x2)(Uxx)+(2 Xz U -2xzU)U JH2Zxy U —2xy UNT, )+

(22+_y2)(UX)2 He x U -2 x U)o )) /2 fre yirexf u-2 2t -2 yP -2 xR )

(%168) ratsimp(ric[2,2]);

(%068) ((xz 22t -2 P 2t -xf R oty Ut 2R s y2+x“)(Uzz)+
(-x% z% o+x® z%+x° y2+x‘*)wz)2+ (-2 x° vz U, )+
((2 %zt 42 X_yz ) O-2 x 77 + -2 xy2—2 XS) z)([i'x)+(2 z¥ +2 _yz z) 7’ +—@A z? -6 _VZ =] e+
(6 2346 ¥ +2 x%) z) U-2 2z H-2 y° -2 x%) z) (U )+
(

22 - x® 2% o2 xR o o 28 P y2+x‘*)(Uyy)+(2 x° yzol-2 xzyzU)(Uyz)-J-
(—xz _yz 7txd 2% +x? y2+xq)(Uy)2+(((2 XV z% 42 X_V3) U-—2 x v z2 -2 X_VS—Z x2 _y)(UX)+
Zyz +2y )U -6 vz —GyS)U2+(6yzz+6y3+2 x? y)U—ZyzZ—Z y3—2 it V) (Uy)+

-2 x z -2 xz yz—xq) Uz +3 xz zz+3 xz yz +2 xq) U—xz zz—xz yz —xq)(UXK)+

-2 xz —2 xyz z) U2+(4 X23 +i4 x_y2+2 XB) Z)U—Z X23 T+ -2 xyz—z XS)Z)(UXZ:I'F

ZX_VZ - xy3)U2+(4 xyzz+4 :x:_',z3+2 XS_VJU—Z xyzz—Z xy3—2 XS_V)(nyH
oyt 2t oyHu+ztHe yiexty 2ty tes? yzjcux)2+

3

(
(
(-
(t-=
(

2xz +2X_V Yo (—BXZZ—Bxy2—2x3)U2+(1EIX22+1D xy2+6x3)U—4X22—4xy2—4x3)

(warz 2tz yHotr-a 28 -6 y? v He 2 e vy Ul H(-2 zz—zyzw)f((z zi4a ¥ +a %) 22

g +(6 zq+(12 y2+12 xz) ZZ+6 y4+12 x? y2+6 xq) [ zq+(—4 y2—4 xz) z% -2 y4—4 x° y2—2 xt

file://C:\Documents and Settings\Giampaolo\Documenti\z\2010\doc5\usomaxima\mo... 12/04/2010



wxMaxima HTML export Page 11 of 27

(%169) ratsimp(ric[3,3]);
(%o0a9) ((yz z? o? -2 yz zZ —yq—xz yz) U+y2 Zz+yq+xz yz)(U 11+

Z a2
(—_yz 22 U+y2 zz+_yq+x2 yz)(Uz)2+ (((2 ¥ 23 +2 xz Y EIU-2 ¥ 23+(—2 y3—2 x2 ¥ z)(Uy)—Z xyz
zU(T M2 27 +2 x% z) 07 H(-6 27 -6 x° z) U +(6 zP 2 y¥+6 x%) z) v-2z + -2 y¥ -2 x%) z)

(U )+((—2 yz z° —yq—Z x° yz) e +(3 _yz z% 4z yq+3 it yz) U—yz z° —yq—xz yz)(Uyy)+
( -2 ¥ z7 -2 x° ¥V Z) U2+(4 y23 + 2 y3+4 x° ¥ z) -2 ¥ 23+(—2 y3—2 % ) z)(UYz)-I-

( T_o zz—xq) U+z‘1+(y2+2 xz) 22 432 y2+x4)(Uy)2+ (((2 XV zf+2 x? VIU-Z2 x v z% -z xyE
g +(10 v z4+6 y3+lEI x? vIio—4 v z% -4 y3—4 i V) (Uy)+

X y e +( yz zz—yq—Z xzyz)U+y2 22+y4+x2y2)([}xx)+(2 XyzzUz—Z xyzzU)(U 1t

HE

ZX_VZ -2 x° _V]IU +(4xyz +2XY +4 x° VIUO-2xyv z —2xy3—2x3y)(ny)+

(_Xz _'}"2 U+yz 22 +_V4+X2 YZJ(UK)Z‘IL
((2xz2+2 T -6 xz? -6 U HE 2o+ x o6 X 1T -2 x 25 -2 x y° -2 x3)(UX)+
(2 zé+z xf yutt—e zi—Ee Ut HE 28 ra k) i+ -2 2 -2 xz)U)f((z z+0d i +da 1%y 281z

07 +(6 2412 y2 412 22y 2246 p 412 2 y2 46 21 o2 2 b -4 yE o4 2y B2 o P P op i

(%i70) ratsimp(ric(4,4]);
(3070) - (((z‘*ﬂz itz % zz) ok +((—3 i -3 %)z -2 z‘*) o+ztey +x?) zz)(U i+

Z 2
((_y4+2 xz yz +xq) U+(—y2 —xz) zz—yq—Z x2 _Vz —xq)(UZ)2+ (((—2 y3 -2 xz ¥izU+2 ¥ 23 +2 y3 +2
(T aH-2 y* -2 %)z 0° +(2 z¥+(8 y¥ +8 x%) z) o’ +((—1u yi-10x*)z-6 23) U+ 27 +(4 y¥ 4 x7)

J (Uz)+(—y2 z? ot +(z“+(2 v +x?) 22) Tzt —y® —x?) zz)(Uyy)+

z
((2 _VS +2 x° ¥z il +((—4 _V3_4 x° yiz-2y 23) U+z v z3+(2 y3+2 x° ¥ ZJ(UYZ)-’-

(yz zZ U—zq-f-(—yz—xz) zz)(Uy)z-f- (2 xy z? U(UK)-I-(—Z _V3—2 x° ¥l 7 +(6y3+6 x° ¥ ol +

2 ¥ E —6_‘;.’3—6 x° _V)U+2yzz+2 y3+2 x2 ¥ (Uy)'n"

HE

-
( b zZU +(z +(_y +2x 1= )U—zqﬂ—yz—xz)zz)(iﬁ' 1+
(

(2 x v°+2 x )zU2+((—4 xye—4 x3)z—2x23)U+2x23+(2 Xyl +z XS)ZJ(U i+

XEE

2 2

(2 v z2 -2 xv :2:2 Uz)(nyj+(x2 zz U—zq+(—y —xzjzz)(Ux) +
((—2 xyz—Z XS)US-H[ES :><:_V2+ES x3)U2+(—2 xz%—-6 xyz—ﬁ x3)U+2 xzé 42 xy2+2 XSJ(UX)-F

(-2 yi-2xfyottevitex® uiH-a vi -6 x2 ol (2 yi 4z xz)U),f((z zi+id yi+a xfy 2842

e +(6 zi+1z i1z %28 +6 yir1z 2% vi 46 x“) g-2 ztH -4 yi -4 2%y 2% -2 yrog x? o2 xt
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(%i71) ratsimp(ric[2,3]);
(2071 ((xy 2% Ut -2 XY z? —xy3 —x7 viUOtx v zé+x y3 +3x° y)(UZZ)+

f—x 3 z? [ o zz+xy3+x3y)(Uz)2+(((x 23+(x3—xy2)z)[f—x 23+(—xy2—x3)z)(Uy)+
( 3 3 3 3.z 3 2

(yz Ty —x y)z)U—yz =y —x y)z)(UX)—ExyzU texyz U —4xyzU,J(Uz]|+
((—xy z%—x° v 7t Hx v 2% 437 ¥ U)(i:i'yyjﬁ

(((xyz—xa) Z—X 23) UZ 2 x 23+2 x3 10— 23+(—xy2 —x3) z)(U T+ oy zz-uf-x3 y)U(Uy)z-l- (((

VI
(2 zf -2 x_y2+2 XS) - z° —x_yz —x3) (ij+((—xy zz—xySJ e Hx v z2 +xy3)U)(Uxx)+

(((xz yoyz-y 22 0P H2 y 2042 v 2y Uy 2P My —xf ) ZJ(U“H (-y? -x?) 22—y - x%)

Poytoz ki oxt) (o )ty 2ix )

2+((2 itz xfyzi e yrez 1% yi ez x‘*) T —ye—x%)z
U(UXJZ +(—2 x? ¥ ah -y zz—y3 +5 x° ¥ 7l T2y zZ+2 _V3—2 x° yIio—w zz—yS—xz _V)(UX)_E Xy
gtte Y o -6 Xy e +z xyv U) KK(E zi404 y2+4 x2yzé+2 yq+4 x° y2+2 xq) e+
(—6 -1z y¥-12 x%y 2% -6 yi-12 %% vi -6 x‘*) 7?2+

(5 24412 P +12 %% 28 46 v i1z 1F i e x’*) U-2 zt+(—4 vi -4 x% 12 -2 yiog x® P -2 xY)

(%172) ratsimp(ric[2,4]);
(5072) — ¢ p? +x%) 2 U H-x p? -x7) 2 U)(Uzz)+':_xyz_x33 z0(0,) A2y =" -y~ )

(U )+2xzz U3+(—5xzz+xy2+x3jUz+(2xzz—Z xyz—Z x3)U+x zz+x_yz+xa) (Uz)+
x_y =z +(xz +iz2 x_y +a )Z)U—X 23+(—xy2—x3)2)([}yy)+
xyz +xy +3c° _V)U +({ - 2xy3—2 x3y)U+xyzz+xy3+x3y)(Uyz)+

2

Xyt zU-xzo + - xyz—xa)z)(Uy) +

xz +xy z)U2+(—x 23—xy2 z)U)(Uxx)+((zq+y2 zZ 432 y2+x4)U2+
-2 z‘}+ -2 _V -2 322—2 xz _Vz—Z xq)U+zq+(y2+2 xzjz2 +x2 yz +xq) (sz)+

(YZ +Hy? —x* y) 2) Ui -2 y 27 -2 y7 2y Uty 27+t +xE y)Z)(UXYH(—x 2% —x y? Z)U(UK)2+

[((x V- _V z—yzB)U+yz3+(y3+x2y)ZJ(UX)+2 xyzU3—6xyzU2+4 xyzU](Uy)+
2 xtz 0l + 20+ % -5 x )z)U2+((2 %t -2 y¥yz-2 z3)U+z3+(y2+x2)z)(Ux)+2sz‘*—ﬁxzU3
+t6xzU —2sz)f((2z +Hd yi+ra xfyziez yira xt gy +2X)U3+

( 6zi+-12 ¥ -12 x%) 2% -6 yi-12 xzyz—ﬁx‘*)vz+

6zi+12 yP+12 %) 2816 piriz =2 y2+6x“)U—2 zi+i-a y?-a x?y 28 -2 yroa 2% yP oz Y
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(%i173) ratsimp(ric[3.,4]);

Page 13 of 27

(8073) - (((y3+x2 viz U +i—y  —x%® )z U)(UZZ)+(-y3—x2 vz U(Uz)2+ ((((2 vi+x?y z® +xf oyt

2y 2 M-Sy 2Pyt otz v 2t -2 R ez kR Uy 2Ry ) (o

(o
(yz +x yz)U +H -y =z —xzyz)U)(Uyy)+((zq+x2 22+y4+x2y2)[}2+

-2z + -2 _Vz—2 xz) % -2 y‘*—z x? yz) U+zq+(2 _Vz +x2) zZ +_Vq+x2 _Vz) {

UYZ)

*

—xzyz)E

U ) +((((xy —X le—x = )U+x 23+(xy2+x3jz)(UXj+2 yz zU3+(23+(x2—5 yzjz) U2+

Pz wtyz-2 23) UrziHyi+x?) z) (UY)"‘

I ox? ¥ ZJ(UXXH

xyz +xy +37 y)U T+ - 2xy3—2xay)U+xyzz+xy3+x3y)(U 1+

X2

2

!

(2y

( x° vzU +(yz +(y +2 xZ y)z)U—yza-{-(—y
(-

(xz +(x —X ¥ )z)

H-2xz -2x° Z)U+xz° Hxy +x") z)(ny)-l-

(xzyzU—y 23+(—y3—x2 y)z)(UX)2+(2 xyzU3—6 X_VZU2+4 xyzU)(Ux)+2yzU4—6_yzU3+

EyzU -2 yz U)f((z zi+id i +a By 282 yied 2% yi a2 x“) 7+

(—6 zi+i-12 vi 12 ¥ z% - yio12 2% yi - x‘*) ol +

(6 zi+i12 vi 41z x%1 2% 46 yirie X yi4e x“) o-2 zi4-a yP-a k%1% -2 yioa x® i -2 xY)

Ora mi preparo a specificare cosa deve valere la funzione U(x,y,z) per fare
in modo che la metrica sia quella di un buco nero neutro ossia sia la metrica
di Schwarzschild.

(%174) vOn:2*m/rq”(1/2);

Zm
(2074}

Zz 1"}’2 1"2{2

Specifico tutte le derivate di primo e secondo ordine.

(%175) vxn:ratsimp(diff(vOn,x));

Zm=

(%0750) 372
(zz+jr2+x2)

(%i176) vyn:ratsimp(diff(vOn,y))$
(%i77) vzn:ratsimp(diff(vOn,z))$

(%178) vxxn:ratsimp(diff(vxn,x));
zz+jr2+x2 (2mz2+2 myz—ﬂmxz)
(%078)

zE+(3 y2+3 xz) 24+(3 y4+6x2y2+3 x4)22+y6+3 x2y4+3 x4y2+x6

(%i179) vyyn:ratsimp(diff(vyn,y))$
(%i80) vzzn:ratsimp(diff(vzn,z))$

(%181) vxyn:ratsimp(diff(vxn,y));
EmE¥

1,|zz+y2+2c2 (z4+(2 y2+2 x2)22+y4+2 x2y2+x_4)

(%i82) vxzn:ratsimp(diff(vxn,z))$

(%o081)
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(%183) vyzn:ratsimp(diff(vyn,z))$

Ora sostituisco alle derivate alcuni simboli ossia uso v0, vx, vy, vz, VXX,
VXY, VZZ, VXY, VXZ, VyZ.
Inizio la procedura con ric[1,1]

(%184) rics:ratsimp(ric[1,1]);
{2084 .:’(22 72+ -2 z° —yz—xzjU+zz+y2+xz)(Uzz)+(y2 +x2)(Usz+
z 2 .2 2 2 .2 z -
(—Eyz(Uy)—Exz(Ux)-f-Z z 0t -2 zUj(Uz)+(y e+ -z -2 y"—x"1U0+tz"+v " +x )(Uyy)-l—
z 2,2 2 2
(2w =zU —ZyzU)(UYZ)Hz T+ )(Uy) +(—2 xy(UX)+2yU —2_*,1[3')(ij+
(x gl ti—zi -yt -2 x2)U+zz+_y2+x2)(U V2 xz U -2xzUNT, IHEZxy U° -2 Xy OO, )+

HE

(22+_y2)(UX)2 He x U -2 x U)o )) /2 fre yirexf u-2 2t -2 yP -2 xR )

(%i85) ricl:ratsimp(subst(vx,diff(U,x),rics))$

(%i86) ric2:ratsimp(subst(vy,diff(U,y),ric1))$

(%187) ric3:ratsimp(subst(vz,diff(U,z),ric2))$

(%i88) ric4:ratsimp(subst(vxx,diff(U,x,2),ric3))$
(%i89) ric5:ratsimp(subst(vyy,diff(U,y,2),ric4))$
(%190) ric6:ratsimp(subst(vzz,diff(U,z,2),ric5))$
(%191) ric7:ratsimp(subst(vxy,diff(diff(U,x),y),ric6))$
(%192) ric8:ratsimp(subst(vxz,diff(diff(U,x),z),ric7))$
(%193) ric9:ratsimp(subst(vyz,diff(diff(U,y),z),ric8))$

(%194) rica:ratsimp(subst(v0,U,ric9));
(%094) ((( v0f -2 v0+1) vzzH1-v0) vyy +vyS H1-v0) vxx+vx2) 5+

(2 VUz -2 v vyz—2 vy vz)_y+((2 vOz —2 v vxz -2 vx vz)x+(2 VUz -2 v VZ) +

(1 vl vzztve +(v02—2 v+l vyl —-vd) vaxt v )yz-l-
((2 vt -2 v vy -2 v v_y)x+(2 vl -2 vil) v_y)_y+

(1—w0) sz+vz +H1l- Vﬂ)vyy-l-vy +(V|S' -2 VU+1:IVXX)X {2 VC' —2vNwvxx) S (2 vd- 2)2 +

(2 vO—E)y H2 vl-2) x° 2
Ora sostituisco ai simboli le vere funzioni dedotte a partire da vOn.

(%195) ricln:ratsimp(subst(vxn,vx,rica))$
(%196) ric2n:ratsimp(subst(vyn,vy,ric1n))$
(%197) ric3n:ratsimp(subst(vzn,vz,ric2n))$
(%198) ric4n:ratsimp(subst(vxxn,vxx,ric3n))$
(%199) ricSn:ratsimp(subst(vyyn,vyy,ric4n))$
(%1100) ric6n:ratsimp(subst(vzzn,vzz,ric5n))$
(%1101) ric7n:ratsimp(subst(vxyn,vxy,ricon))$
(%1102) ric8n:ratsimp(subst(vxzn,vxz,ric7n))$

(%1103) ric9n:ratsimp(subst(vyzn,vyz,ric8n))$
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(%1104) rican:ratsimp(subst(vOn,v0,ric9n))$

Ecco il test cruciale: sostituendo e sostituendo alla fine viene zero
o cosa vien fuori ?

(%1105) ratsimp(rican);
(301051 0O

Ripeto tutta la procedura con ric[2,2]

(%1106) rics:ratsimp(ric[2,2]);
(x0106) ((xz z% gt +{ -2 xf 28— y? yz —xq) 7+x? g% +xc yz +xq)(UZZ)+
x% 2% vix? 2P xt v et o -2 xzyzU(UYH

2xz +2 X_y z)O-2 x23+(—2 xy2—2 XS)Z)(UX)+(2 23+2y2 z)U3+(—6 23—6_',12 z)U2+

T 282 %%y —xM o+x? 2%+ y2+x4)(uyy)+(2 W yzui-2xtyz U,

(=

(ﬁz +H6 y2+2 x )z)U—Z i+ -2 y' -2 x%) z) (Ut

(—xz _yz 07 + 32 22+x2y2+x4)(Uy)2+(((2 XY zZ+2 X_VS)U—E XV z% -2 X_VS—Z x7 _y)(UX)+
3 2 2 3 2 2 3 2

Zyz +2y )U +(—6yz — B YT HE vz tE vy rE X vIU-2 vz" -2 v -2 x y)(Uy)+

x z -2 xz yz—xq) Uz +3 xz zz+3 xz yz +2 xq) U—xz zz—xz yz —xq)(UXK)+

HZ

-2
-2 xz —2xy2 z)U2+(4X23+(4x_y2+2XB)Z)U—ZXZSH—Zxy2—2x3)z)([} 1+
-—2xXxy =z —2xy3)U2+(4xyzz+4xy3+2XS_VJU—E!xyzz—2xy3—2x3y)([?xy)+

{
( Tz p? 2P ety gzt e ity 28yt st yzjcux)2+
(ZXZ +2xy) (—BXZZ—BX_VZ—EX3)U2+(1|:|X22+1DXy2+6X3)U—4X22—4Xy2—4X3)

(warz 2tz yHotr-a 28 -6 y? v He 2 e vy Ul H(-2 zz—zyzw)f((z zi4a ¥ +a %) 22

g +(6 zq+(12 y2+12 xz) ZZ+6 y4+12 x? y2+6 xq) [ zq+(—4 y2—4 xz) z% -2 y4—4 x° y2—2 xt

(%1107) ricl:ratsimp(subst(vx,diff(U,x),rics))$

(%1108) ric2:ratsimp(subst(vy,diff(U,y),ric1))$
(%1109) ric3:ratsimp(subst(vz,diff(U,z),ric2))$

(%1110) ric4:ratsimp(subst(vxx,diff(U,x,2),ric3))$
(%i111) ricS:ratsimp(subst(vyy,diff(U,y,2),ric4))$
(%i112) ric6:ratsimp(subst(vzz,diff(U,z,2),ric5))$
(%i113) ric7:ratsimp(subst(vxy,diff(diff(U,x),y),ric6))$
(%1114) ric8:ratsimp(subst(vxz,diff(diff(U,x),z),ric7))$

(%i115) ric9:ratsimp(subst(vyz,diff(diff(U,y),z),ric8))$
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(%1116) rica'ratsimp(subst(vo U ric9));
(xo0ll6) — {(vd— l)vx zt+

(((2—2 v0) v vz +H(2 v0P—4 v0+2) vxz) xH( -2 v0° +6 v0P 6 v0+2) vz) 22+ (2 vo-2) vt yi
(((2—2 v vx vy 2 v0° —4 vO+2) ny)x+(—2 VU +E vOi -6 vO+2) Vy)y-f-

(—V02+2 vid-1llwvzz+Hvd-1) sz+(VU—l) vyy—vyz +(=2 vOz -3 vid+l) VXX—VXZ) x2+

(—2v0+8 w0 -l0 vo+d)vxx-2 w0+ vo -6 voi 2 vo) 204 ((((2—2 vO) v vZH2 vO© -4 vo+
(2 vO vy vZH 2 vO-2 v0%) vyz) 22 v H2 v vz HE -2 vOlvxzlx H2 -2 v0) vz x°) zHv0-1) vi®
3t (((2—2 vO) vx vy 2 v0° —4 vO+2) vxy)x+(—2 v0? +6 v0% -6 vo+2) V_y)_y3+ (((vo—l) VEZ - Vi
(-2 v0  +8 v0° —10 vO+4) vx x—2 vO 46 v -6 vol +2 vO) yi+

(2 VI vy 2 -2 vO)vxy)x HE-Z2 vl vy x )y+

(vo livzz-vzl Hvo—1) vyy—vys +H{ w02 -2 vo+1)vxx) 22 vot B vO0+d v xS ) S (12 vO© -6

(2 v0 -6 v0?+6 v0-2)y +(d vo  —12 voP +12 vO-4)1x% yP H2Z v -6 vOi+E vO-2) )

Ora sostituisco ai simboli le vere funzioni dedotte a partire da vOn.

(%i117) ricln:ratsimp(subst(vxn,vx,rica))$
(%1118) ric2n:ratsimp(subst(vyn,vy,ricln))$
(%1119) ric3n:ratsimp(subst(vzn,vz,ric2n))$
(%1120) ric4n:ratsimp(subst(vxxn,vxx,ric3n))$
(%1121) ricSn:ratsimp(subst(vyyn,vyy,ric4n))$
(%i1122) ricén:ratsimp(subst(vzzn,vzz,ric5n))$
(%1123) ric7n:ratsimp(subst(vxyn,vxy,ricén))$
(%1124) ric8n:ratsimp(subst(vxzn,vxz,ric7n))$
(%1125) ric9n:ratsimp(subst(vyzn,vyz,ric8n))$

(%1126) rican:ratsimp(subst(vOn,v0,ric9n))$

Ecco il test cruciale: sostituendo e sostituendo alla fine viene zero
o cosa vien fuori ?

(%1127) ratsimp(rican);
(01271 0

Ripeto tutta la procedura con ric[3,3]
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(%1128) rics:ratsimp(ric[3,3]);
[$0128) ((yz z? o? -2 yz zZ —yq—xz yz) U+y2 Zz+yq+xz yz)(U 11+

ZZ

(—_yz z2 U+y2 zz+_yq+x2 yz)(Uz)2+ (((2 ¥ 27 +2 %2 Y EIU-2 ¥ 23+(—2 y3—2 x? ¥ z)(Uy)—Z xyz

zU(U)H2 2742 x° 2) 0P (-6 z3—6x2z)U2+(5 z3+(2y2+6x2)z)u—2 2@ +-2 y¥ -2 %) z)
(U )+((—2 yz z° —yq—Z x° yZ)Uz +(3 _yz z% 4z yq+3 it yZJU—yZ z° —yq—xz yz)(Uyy)+
( Zyz -2 xzyz)U2+(4yza+(2y3+4 xzy)z)U—Eyzs-l-(—EyS—E xzy)z)(UYz)-l-

( T_o zz—xq)U+z‘1+(y2+2 x2)22+x2y2+xq)([fy)2+(((2 XV zf+2 x? vIio-2 xyzZ—Z xyE
U2+(lDyzz+6y3+lD xzy)U—4yzz—4y3—4 xzy)(ijH

(x y e +{ yz zz—yq—Z xzyz)U+y2 22+y4+x2y2)([}xx)+(2 XyzzUz—Z xyzzU)(UKz)+

( ZX_VZ -2 x° _V]IU +(4xyz +2XY +4 x° VIUO-2xyv z —2xy3—2x3y)(ny)+

(—xz _',.’2 U-n'-yz zz+yq+x2 _VZJ(UK)Z+

((2:>=:zz+2 XS)US-H[—EXzz—ﬁxa)U2+(6xzz+2 xy2+6x3)U—2xzz—2 xyz—E X3)(Ux)+

(2 zé+z xf yutt—e zi—Ee Ut HE 28 ra k) i+ -2 2 -2 xz)U)f((z z+0d i +da 1%y 281z

07 +(6 2412 y2 412 22y 2246 p 412 2 y2 46 21 o2 2 b -4 yE o4 2y B2 o P P op i

(%1129) ric1:ratsimp(subst(vx,diff(U,x),rics))$

(%1130) ric2:ratsimp(subst(vy,diff(U,y),ric1))$

(%i131) ric3:ratsimp(subst(vz,diff(U,z),ric2))$

(%1132) ric4:ratsimp(subst(vxx,diff(U,x,2),ric3))$
(%1133) ricS:ratsimp(subst(vyy,diff(U,y,2),ric4))$
(%1134) ric6:ratsimp(subst(vzz,diff(U,z,2),ric5))$
(%1135) ric7:ratsimp(subst(vxy,diff(diff(U,x),y),ric6))$
(%11306) ric8:ratsimp(subst(vxz,diff(diff(U,x),z),ric7))$

(%i137) ric9:ratsimp(subst(vyz,diff(diff(U,y),z),ric8))$
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(%1138) rica:ratsimp(subst(v0,U,ric9));
(30138 — ({v0—1)wvy? z 1+

(((2—2 vl vy vZHE v0° —4 vO+2) Vyz)y+(—2 VR +E v0% -6 vO+2) vz) z 4+ (((—v02+2 vi-1) vz
(((2—2 vl vx vy 2 v0° —4 vO0+2) ny)x+(—2 vO 48 v0% —10 vO+4) Vy)y+(2 vi-2) vy x+
(-2 v  +6 v0° -6 vO+2 1 v x—2 vO 16 v =6 v0° +2 v0) 28+ ({2 vy vz H2 -2 vOl vyz) v +

(2 vl v ve+H(2 v -2 vOzj sz)x+(2—2 wil) vz)yz +((2—2 vl vy vz 2 V02—4 vit+E) V_VZ) xz vt
(-2 v0° +6 v0° -6 v0+2) vz x°) z+((v0—1) vzz-vzo H w0t -2 vO+1ll vyy Hvo—1) vxx—vxz)y‘*Jr
((2 vE vy HZ -2 v0) vxy) xH2 vol -6 vo+4) vy)y3+ (((vo—l) vzz-vzeHE vi¢ -3 vO+1) vyy —vy
xtt-2 v +evoi—avot2ive H-2 votta vt 6 v 0P+ vy %) S (2 v —E vOPHE vO-2)
z“+((4 v07-12 w04 +12 v0-4) y? +(4 vo© -12 vo? +12 vo—4)x2) zéH2 vol —e vol v vo-2) i+

(4 w07 —12 w02 +12 v0-41x° w2 H2 v -6 v0P +6 vo -2 %)

Ora sostituisco ai simboli le vere funzioni dedotte a partire da vOn.

(%1139) ricln:ratsimp(subst(vxn,vx,rica))$
(%1140) ric2n:ratsimp(subst(vyn,vy,ricln))$
(%1141) ric3n:ratsimp(subst(vzn,vz,ric2n))$
(%1142) ric4n:ratsimp(subst(vxxn,vxx,ric3n))$
(%1143) ricSn:ratsimp(subst(vyyn,vyy,ric4n))$
(%1144) ricon:ratsimp(subst(vzzn,vzz,ric5n))$
(%1145) ric7n:ratsimp(subst(vxyn,vxy,ricén))$
(%1146) ric8n:ratsimp(subst(vxzn,vxz,ric7n))$
(%1147) ric9n:ratsimp(subst(vyzn,vyz,ric8n))$

(%1148) rican:ratsimp(subst(vOn,v0,ric9n))$

Ecco il test cruciale: sostituendo e sostituendo alla fine viene zero
o cosa vien fuori ?

(%1149) ratsimp(rican);
(01491 0

Ripeto tutta la procedura con ric[4,4]
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(%1150) rics:ratsimp(ric[4,4]);

{t0150] — (((zqﬂz itz x?) zz) 2

+((—3 y2—3 xzj z2 -2 zq) U+zq+(y2 +x2) ZZJ(UZZ)+

((y4+2 xz yz +x4) U+(—y2 —xz) zz—yq—E xz yz —xq)(Uz)z-f- (((—2 y3 -2 xz vizO+2 v 23 +i 2 y3 +2

(T +-2 vy -2 x%)z 07 +(2 23 +E 248 %) z) g +((—1c| ¥wi—10 x%)1z-6 23) T+d 27+ 4 yE 44 x5
J(u )+(—y2 z% U® +(z‘*+(2 v +x?) z2) g-zt -yt —x?) zz)(Uyy)-J-

=

z
((2 y3+2 xz y)zU2+((—4 y3—4 x2 y)z—Zyza)U+2y23+(2y3+2 :x:2 ) z)(Uyz)-f-
(yz z2 U—zq+(—y2—x2)zz)([f )2+(2 XV z° U(UX)+(—2y3—2 e y)U3+(6y3+6 2 ¥ e+
Zyz —ﬁy -6 x° y)U+2yz +2y +2 x° y)(Uy)+
H X

(-
( x? 22 o2 {2 H(p? +2 x%) 2 )U—z‘*ﬂ—yz—xz)zz)w )+
{

(2 3 2 +2 x )zU2+((—4 xy-d x3)z—2xz3)u+2xz3+(2 Xy 42 x3)z)(U i+

HEZ

‘4

2 2 .2 2 _z 4 2 2, 2
(2xyzt U-2xwvze"U )(nyjl+(x 2o U—z "+ —-v" —x )z)(Ux)
((—ZX_VZ—Zx3)U3+(6xy2+6x3)U2+(—2xzz—ﬁxyz—ﬁxa)[}+2xzz+2xy2+2x3)(UX)+
(—2y2—2xzjU4+(6_y2+6XZ)U3+(—6_V2—6X2)U2+(2y2+2XZJU,J,/((Z zi+(4 i +d 2Py 2842 0

g +(5 zi+1z P12 #2286 vz %% vi e x‘*) 7-2 z -4 yP—d %% 2% -2 prog x® P oz xt

(%i151) ricl:ratsimp(subst(vx,diff(U,x),rics))$

(%1152) ric2:ratsimp(subst(vy,diff(U,y),ric1))$
(%1153) ric3:ratsimp(subst(vz,diff(U,z),ric2))$
(%1154) ric4:ratsimp(subst(vxx,diff(U,x,2),ric3))$
(%1155) ric5:ratsimp(subst(vyy,diff(U,y,2),ric4))$
(%1156) ric6:ratsimp(subst(vzz,diff(U,z,2),ric5))$
(%i157) ricT:ratsimp(subst(vxy,diff(diff(U,x),y),ric6))$
(%1158) ric8:ratsimp(subst(vxz,diff(diff(U,x),z),ric7))$

(%1159) ric9:ratsimp(subst(vyz,diff(diff(U,y),z),ric8))$
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(%1160) rica:ratsimp(subst(v0,U,ric9));
(s0160) — ((( v0? -2 v0+1) vzz Hv0-1) vyy —vy® +Hv0-1) vxx—v;gz) 2+

(2 vy vZHE2-2 v vyz) vHE v vz He -2 v0) vxz) x (2 v0% -6 vit+4) vz)z +(((2 vo? -3 v+l
(2 vl v vy t(Z vO-2 v )ny)x+(2 2 v vy)y+

(2 VC' -3 vid+1) vzz—vzzﬂvﬂ—l) vyy—vyz +(—v02+2 vil-1l)vxx+Hvod-1) vxz) xz H2 -2 v v
((2 2 v0) v vz H2 v0? —4 v0+2) viz) xH( -2 v0F 48 v0? 10 vO+4) Vz)y +

(2 2vd) vy vz vO -4 vO+2]|vyz)x y+((2 2viNvr vz 2 vO -4 v0+2)vxz)x3+

(-2 w07 +8 v0° —10 vO+4) vz x°) zHvo-1)ve? v it -2 v0° +6 v0 -6 vO+2) vy yo +

((2 vo-2) vzl xP+ -2 voPte voP -6 vo+2) vx x—-2 vOi 6 vo© -6 voi +2 vﬂ)yzn'-

(-2 v  +6 v -6 v0+2 1 vy x° yHvO0-1)va® x H -2 v0 +6 v0 -6 vO+2 ) v x° +

(-2 vor+e v -6 v +2 v x%) /(2 v -6 voi+E vo-2) 2z 4+

((4 v0l-12 v0° +12 v0-4) ¥ +(4 vo© -12 voP +12 vo—4)x2) 2z vl -e vt re vo-2)yt+

(4 v —12 voi+12 vO—-41x° 2 H2 vO° -6 vOi +6 vo -2 %)

Ora sostituisco ai simboli le vere funzioni dedotte a partire da vOn.

(%i161) ricln:ratsimp(subst(vxn,vx,rica))$
(%1162) ric2n:ratsimp(subst(vyn,vy,ric1n))$
(%1163) ric3n:ratsimp(subst(vzn,vz,ric2n))$
(%1164) ric4n:ratsimp(subst(vxxn,vxx,ric3n))$
(%1165) ric5Sn:ratsimp(subst(vyyn,vyy,ric4n))$
(%1166) ricon:ratsimp(subst(vzzn,vzz,ric5n))$
(%1167) ric7n:ratsimp(subst(vxyn,vxy,ricén))$
(%1168) ric8n:ratsimp(subst(vxzn,vxz,ric7n))$
(%1169) ric9n:ratsimp(subst(vyzn,vyz,ric8n))$

(%1170) rican:ratsimp(subst(vOn,v0,ric9n))$

Ecco il test cruciale: sostituendo e sostituendo alla fine viene zero
o cosa vien fuori ?

(%1171) ratsimp(rican);
(50171) O

Ora verifico anche i termini NON DIAGONALI che possono essere diversi
da zero se la funzione non possiede le opportune caratteristiche.
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(%1172) rics:ratsimp(ric[2,3]);
(50172 ((xy z% gt -2 x v zz—xyS—xa VIU+x v z? +xy3 +37 y)(UZZH-
[ —x ¥ z2 0ty zz+xy3+x3 _V)(Uz)z-f-(((x 23+(x3—xy2)z)[f—x 23+(—xy2—x3)z)(Uy)+
3 ] 3 2 3 2
((_Vz Ty —x y)z)U—yz =y —x y)z)(UX)—E Xy zU toxyzU"—4 xyzU)(Uz]H-
((—xy 28— yIOH v 2o +tx ) U)(UYY)""

(((xyz—xa) Z—X 23) UZ 2 x 23+2 x3 10— 23+(—xy2 —x3) z)(U z)+(xy zz-uf-x3 y)U(Uy)z-l- (((

¥

(2 zf -2 x_y2+2 XS) - z° —x_yz —x3) (ij+((—xy zz—xySJ e Hx v z2 +xy3)U)(Uxx)+

(((xz vy z-y ) Ui H2 y 242 ¥ 2) U—y 2% H -y -2 ) ZJ(UX 1+ l(—y? —x?) 22— A %)

=

U2 +((2 _y2+2 xz) zz+2 y4+2 x2 y2+2 XQ)U'H:—_VZ—Xz) 22 —y4—2 xz yz—x‘}) (UK T+ x v 22+xy3)

¥
U(UXJZ +(—2 x? ¥ ah -y zz—y3 +5 x° ¥ 7l T2y zZ+2 _V3—2 x° yIio—w zz—yS—xz _V)(UX)_E Xy
gtte Y o -6 Xy e +z xyv U) KK(E zi404 y2+4 x2yzé+2 yq+4 x° y2+2 xq) e+

(—6 -1z y¥-12 x%y 2% -6 yi-12 %% vi -6 x‘*) 7?2+

(5 24412 P +12 %% 28 46 v i1z 1F i e x’*) U-2 zt+(—4 vi -4 x% 12 -2 yiog x® P -2 xY)

(%1173) ricl:ratsimp(subst(vx,diff(U,x),rics))$

(%1174) ric2:ratsimp(subst(vy,diff(U,y),ric1))$
(%i175) ric3:ratsimp(subst(vz,diff(U,z),ric2))$

(%i176) ric4:ratsimp(subst(vxx,diff(U,x,2),ric3))$
(%1177) ric5:ratsimp(subst(vyy,diff(U,y,2),ric4))$
(%1178) ric6:ratsimp(subst(vzz,diff(U,z,2),ric5))$
(%i179) ric7:ratsimp(subst(vxy,diff(diff(U,x),y),ric6))$
(%1180) ric8:ratsimp(subst(vxz,diff(diff(U,x),z),ric7))$

(%i181) ric9:ratsimp(subst(vyz,diff(diff(U,y),z),ric8))$
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(%1182) rica:ratsimp(subst(v0,U,ric9));
(x0182) — {((v0-1)vx vy =%+

(((1—-::0) vx vz H w0 -2 vO+1) vxz)y+((1—v0) vy vzHv0 -2 vO+1) vyz) x) z%+ (((vo—l) Vi vy
(vOz —2 v+l wx) y+((v0—l)vx vy+(v02—2 vO+l)vxy) xz +(v02—2 vO+1) vy x) zz+ (((1—';?0) T
(((v0+l) v vz H1-v0®) vxz) W H2Z v -6 w0i +4 vO) vz x)y+((1—v0) vy vz vO© -2 vO+1) vyz:
x3) z+(vu§'2—2 v+l nyyq-f-(((vﬂ—l) vZz—vz® +(v02—v0) vix—vi vxz)xﬂvﬂz -2 vidt+t1l) vx)ya
+((2 vO vx vy H2 -2 v0) vxy) x° HE v0© -5 v0¢ +2 vo+1) vy x) v+ (((VO—l) vzz—vzl H vt —v)
(2 vot—Bv0i+E v0i 2 v x) yH VO -2 vO+ L) vy x T H w0l -2 vO+ Ll wy x°) /(2 vO© —6 v0F +

(2 v0 -6 v0?+6 v0-2) y +(d vo? —12 v0P+12 vo—-4)1x% yPHE2 v -6 vi +E vO-21 %)

Ora sostituisco ai simboli le vere funzioni dedotte a partire da vOn.

(%1183) ricIn:ratsimp(subst(vxn,vx,rica))$
(%1184) ric2n:ratsimp(subst(vyn,vy,ricln))$
(%1185) ric3n:ratsimp(subst(vzn,vz,ric2n))$
(%1186) ric4n:ratsimp(subst(vxxn,vxx,ric3n))$
(%1187) ricSn:ratsimp(subst(vyyn,vyy,ric4n))$
(%1188) ric6n:ratsimp(subst(vzzn,vzz,ric5n))$
(%1189) ric7n:ratsimp(subst(vxyn,vxy,ricon))$
(%1190) ric8n:ratsimp(subst(vxzn,vxz,ric7n))$
(%1191) ric9n:ratsimp(subst(vyzn,vyz,ric8n))$

(%1192) rican:ratsimp(subst(vOn,v0,ric9n))$

Ecco il test cruciale: sostituendo e sostituendo alla fine viene zero
o cosa vien fuori ?

(%1193) ratsimp(rican);
(301931 O

Verifico anche il termine NON DIAGONALE 1[2,4] che puo' essere diverso
da zero se la funzione non possiede le opportune caratteristiche.
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(%1194) rics:ratsimp(ric[2,4]);

($0194) — (((x yz +x3) z e - y2 —x3) z U)(Uzz)ﬂ—x yz —xS) z U(Uzjz + (((xy 28—y y3 -7 ¥
(T 42 x 28 0P+ -G x 28 txy? +x" 0P H2 x 2% -2 x y? -2 X Ubx 2P v a0 ) (U
(—x _Vz z ot +(x z3 +(Z :x:yz +x3) z) -3 z° +{ -3 yz —:>=:3) z)(Uyy)'f'

[—x v 22+xy3+x3 ¥ i +{ -2 xy3—2 x° VIU+TE v 22+xy3+x3 y)(Uysz

2 3 2

(xy zll-xz +(—xy2—xa)z)(Uy) +

[((xz y—ya) -V 23) o+ z? +(y3 +3? ) z)(Ux)-I-E XV E 7l -5 XV Z e 44 XV E U](Uy)-f-
(x 23+xy2 z] Uz T+ —x za—xyz z)U)(UXX)-n'- ((zq-n'-yz Zz+K2 y2+xq) U2+

—z z¥t-z yP oz k)2t -2 1% R -2 x‘*) otz iyt rz ) 28 vty ) (o)t

‘4

(

((y 23+ %% v) z) viH-2 y 27 -2 y? ) Uty 2P+ et ) z)(ny)-f-(—x 2P -xy? z)UiD)
(2 xz z U3 +(23+(y2—5 xz)z) Uz +((2 x2—2 yz) z—2 23) U+23 +(y2 +x2) z)(UX)-f-Z X E Uq—ﬁ X E U3
tExz U -2 xz o) KK(Z zq+(4 y2+4 x2)2:2+2 yq+4 il y2+2 xq) o+

(—6 -1z i -12 %y 2% -6 yi-12 %% v -6 x‘*) 72+

(

zt4i1z o +12 %%y 29 +6 yi+12 x? i +6 x‘*) U-2 zt+(—4 yvi -4 x%12° -2 yiog x® ¥ -2 xY)

(%1195) ricl:ratsimp(subst(vx,diff(U,x),rics))$

(%1196) ric2:ratsimp(subst(vy,diff(U,y),ric1))$
(%1197) ric3:ratsimp(subst(vz,diff(U,z),ric2))$

(%1198) ric4:ratsimp(subst(vxx,diff(U,x,2),ric3))$
(%1199) ricS:ratsimp(subst(vyy,diff(U,y,2),ric4))$
(%i200) ric6:ratsimp(subst(vzz,diff(U,z,2),ric5))$
(%i201) ric7:ratsimp(subst(vxy,diff(diff(U,x),y),ric6))$
(%1202) ric8:ratsimp(subst(vxz,diff(diff(U,x),z),ric7))$

(%i203) ric9:ratsimp(subst(vyz,diff(diff(U,y),z),ric8))$
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(%1204) rica:ratsimp(subst(v0,U,ric9));
(s0204) — ((v0? -2 vO+1) vxz z° + ((( 1-v0) v vy H{v0% -2 vO+1) vxy)y+

((vo—l) vy —vye H w0t — vl vix—v0 vx2)x+(vﬂz—2 vO+1l)vx) z°+ (((vo—lzuvx vzt vt -2
(2 vOvx vz+(2-2 v0) vxz) x° +(2 v0° -5 v0+2 vo+1l) vz x) z°+ (((1—-::0) v vy +H(v0: -2 w0
(v0° -2 vO+1)vx) y° +(((v0+l) v vy H1-v0%) vxy) ®2H2 w0 -6 v0i +d vO) vy x)y+
(Vﬂz—vO) vEZ —v0 sz+(vﬂ—l) Vy_y—vyz) x3 +2 v03—5 v02+2 vi+1l) v x2+

(2 vot-6voi+6v0i -2 v0)ix) zHvO-1) v vz y‘*+((1—vo) vy vz vot -2 vO+1) v_yz)xy3+
(((vﬂ—l) v vz Hv0? -2 v0+1) viz) 2% Hv0? -2 v0+1) vz :x:)y2+

((1—';?0) vy Vz+(vﬂ'2—2 vidt+1l) Vyz) x3 _y+(v02—2 v+l vxz x4+(v02 -2 vO+1) vz x3) SE v

(2 v0® -6 v0? 46 v0-21 v Hd v0® —12 v0?P +12 v0-41 %% yEH2Z vOT -6 vOP 6 vO-2) )

Ora sostituisco ai simboli le vere funzioni dedotte a partire da vOn.

(%i205) ricln:ratsimp(subst(vxn,vx,rica))$
(%12006) ric2n:ratsimp(subst(vyn,vy,ricln))$
(%1207) ric3n:ratsimp(subst(vzn,vz,ric2n))$
(%i208) ric4n:ratsimp(subst(vxxn,vxx,ric3n))$
(%1209) ricSn:ratsimp(subst(vyyn,vyy,ric4n))$
(%1210) ricon:ratsimp(subst(vzzn,vzz,ric5n))$
(%i211) ric7n:ratsimp(subst(vxyn,vxy,ricén))$
(%1212) ric8n:ratsimp(subst(vxzn,vxz,ric7n))$
(%i213) ric9n:ratsimp(subst(vyzn,vyz,ric8n))$

(%i214) rican:ratsimp(subst(vOn,v0,ric9n))$

Ecco il test cruciale: sostituendo e sostituendo alla fine viene zero
o cosa vien fuori ?

(%1215) ratsimp(rican);
(50215) 0O

Ora verifico anche il termine NON DIAGONALE r[3,4] che potrebbe essere diverso
da zero se la funzione non possiede le opportune caratteristiche.
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(%1216) rics:ratsimp(ric[3,4]);
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(s0216) — (((ya +xf iz Uf -y  -x% ) 2 U)(UZZH( —yP-xt y z U+ ((((2 vi+x?y 2zt +xt vt

2y 2 M-Sy 2Pyt otz v 2t -2 R ez kR Uy 2Ry ) (o

(o
(yz +x yz)U +H -y =z —xzyz)U)(Uyy)+((zq+x2 22+y4+x2y2)[}2+

-2z + -2 _Vz—2 xz) % -2 y‘*—z x? yz) U+zq+(2 _Vz +x2) zZ +_Vq+x2 _Vz) {

UYZ)

*

—xzyz)E

U ) +((((xy —X le—x = )U+x 23+(xy2+x3jz)(UXj+2 yz zU3+(23+(x2—5 yzjz) U2+

Pz wtyz-2 23) UrziHyi+x?) z) (UY)"‘

I ox? ¥ ZJ(UXXH

xyz +xy +37 y)U T+ - 2xy3—2xay)U+xyzz+xy3+x3y)(U 1+

X2

Pr-zxz’-2x’ z)U+x 23+(xy2+x3)z)(U )+

XY

!

(2y

( x° vzU +(yz +(y +2 xZ y)z)U—yza-{-(—y
(-

(xz +(x —X ¥ )z)

(xzyzU—y 23+(—y3—x2 y)z)(UX)2+(2 xyzU3—6 X_VZU2+4 xyzU)(Ux)+2yzU4—6_yzU3+

EyzU -2 yz U)f((z zi+id i +a By 282 yied 2% yi a2 x“) 7+

(—6 zi+i-12 vi 12 ¥ z% - yio12 2% yi - x‘*) ol +

(6 zi+i12 vi 41z x%1 2% 46 yirie X yi4e x“) o-2 zi4-a yP-a k%1% -2 yioa x® i -2 xY)

(%1217) ricl:ratsimp(subst(vx,diff(U,x),rics))$

(%i218) ric2:ratsimp(subst(vy,diff(U,y),ric1))$
(%i219) ric3:ratsimp(subst(vz,diff(U,z),ric2))$
(%1220) ric4:ratsimp(subst(vxx,diff(U,x,2),ric3))$
(%i221) ric5:ratsimp(subst(vyy,diff(U,y,2),ric4))$
(%i222) ric6:ratsimp(subst(vzz,diff(U,z,2),ric5))$
(%1223) ric7:ratsimp(subst(vxy,diff(diff(U,x),y),ric6))$
(%i224) ric8:ratsimp(subst(vxz,diff(diff(U,x),z),ric7))$

(%i225) ric9:ratsimp(subst(vyz,diff(diff(U,y),z),ric8))$
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(%1226) rica:ratsimp(subst(v0,U,ric9));
(¥o22a) - ((VOZ -2 vl+l) vyz z+ (((VOZ -vl) vyy —vi V_VZ Hwld-1) Vxx—vxz)y+

((:L—vo) v vy H v0S -2 vO+1) ny)xﬂvﬁz—Z w0+l wy) 2o+ ({2 vO vy vE+2 -2 vO) vyz) vy +
(((VO+1) v vz+H 1-vo?) vxz)x+(2 v0? -5 vo¥+2 vo+1) Vz)y+((v0—1) vy vz H(v0© -2 vO+1) vyz:
xz) zz+(((v02—vﬂ)vzz—v0 vzz+(v0—1)vxx—vx2)y3+

(((VO+1) VI v_y+(1—v02) ny)xﬂz v03—5 V02+2 v+l vy)_y2+ (((VOZ—VO) vz —vi sz+(vﬂz—1
(2 v0” -6 v +d v v x+2 vO =6 v 0T +6 v0° -2 vo) y+((1—vo) v vy Hvot -2 vo+1) vxy) x0+
(vOz -2 v0+1l) vy xz) z+(v02—2 vil+1l) vyz _yq+

(((1—1!0) VI vz+(v02 —2 vid+1) vxz)xﬂvﬂz—z v+ 1) vz)ya +((v0—1) vy vz+(v02 —2 vid+1) vyz)
xz yz +(((1—VO) VI Vz+(v02—2 v+l vxz) x3 +(V6'2—2 vid+live xz)yﬂvﬁ'—l) VY VE x‘}) SOE v

(2 v0 -6 v0?+6 v0-2)y +(d vo? —12 vo?P+12 vo-4)1x° yPHE vO -6 vl +E vO-21 %)

Ora sostituisco ai simboli le vere funzioni dedotte a partire da vOn.

(%1227) ricln:ratsimp(subst(vxn,vx,rica))$
(%i228) ric2n:ratsimp(subst(vyn,vy,ricln))$
(%i229) ric3n:ratsimp(subst(vzn,vz,ric2n))$
(%1230) ric4n:ratsimp(subst(vxxn,vxx,ric3n))$
(%i231) ric5Sn:ratsimp(subst(vyyn,vyy,ric4n))$
(%i232) ric6n:ratsimp(subst(vzzn,vzz,ric5n))$
(%1233) ric7n:ratsimp(subst(vxyn,vxy,ricon))$
(%i234) ric8n:ratsimp(subst(vxzn,vxz,ric7n))$
(%i235) ric9n:ratsimp(subst(vyzn,vyz,ric8n))$

(%1236) rican:ratsimp(subst(vOn,v0,ric9n))$

Ecco il test cruciale: sostituendo e sostituendo alla fine viene zero
o cosa vien fuori ?

(%1237) ratsimp(rican);
(502371 O

Per finire ristampo il tensore metrico covariante che ho usato
per trovare la metrica del buco nero neutro in coordinate
cartesiane.
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(%1238) 1g;
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1-u ] u} u}
(25457 u-zt -y -x® Xyl xzU
u] —
(zz+}r2+x2]U—zz—y2—x2 (zz+}r2+x2]U—zz—5r2—x2 (zz+y2+x2]U—zz—}r2—x2
[$0238) vy (22 +xfym-zf T -5t vzl
u] -
(zz+5r2+:-:2]U—zz—}r2—x2 (zz+y2+x2]U—zz—}r2—x2 (zz+y2+x2]U—zz—}r2—x2
¥z U vzl [YZ+KZ]U—ZZ—YZ—XZ
u] -
(22+}'2+:~:2]U—22—}r2—x2 (22+}r2+x2]U—22—y2—x2 (zz+}'2+x2]U—zz—}r2—x2

E per riepilogo ecco anche il tensore metrico in forma controvariante:

(%i1239) ug; _

1
—_ u] 0 o
o-1
xz U—zz—yz—xz vy xz U
o
zz+y2+x2 22+y2+x2 zz+y2+x2
(50239) 5 5 .
xy FoH-z"=-v"—x ¥=zU
o
zz+y2+x2 22+y2+x2 zz+y2+x2
xz U vz z2 U—zz—yz—xz
o
zz+}'2+x2 22+Y2+x2 zz+}'2+x2

Una caratteristica fondamentale di questa metrica ¢ il fatto che
il determinante vale -1 ossia ¢ identico a quello della metrica

pseudoeuclidea.

(%1240) ratsimp(determinant(lg));
(soz40) -1

(%1241) ratsimp(determinant(ug));
(s0z41) -1

Created with wxMaxima.
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